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1. INTRODUCTION AND NOTATION

In this paper X will always denote a real Banach space, X* its norm dual,
U, S (U*, §*) their unit balls and spheres. If ¥ is a closed subspace of X, a
projection onto ¥V is a continuous linear operator P: X — V such that Py = y
if y € V. A hyperplane in X is a subspace V of the form V' = 7~ '(0), where
SES* It is easy to see that any projection P onto the hyperplane
V= f7'0) is of the form Px =x — f(x)z, with z € f~'(1); this projection
will be denoted by P,. We clearly have 1 ||P,||< 1+ z|. Let ¢ > 0. Since
Jz, € £7'(1) with |zl <1+ ¢ we can always find a projection P with
|IP|| < 2+ ¢ and, when X is reflexive, with ||P|| < 2. The relative projection
constant A(V, X) of V' with respect to X is defined by: A(V, X) = inf{|| P||: P
projects X onto V}; note that 1 <A(V,X)<2; P is a minimal projection
onto V if |P|=A(V,X). Reference [4] contains a very interesting and
complete study of minimal projections and relative projection constants
when X is one of the sequence spaces c,, 1.

The aim of this paper is to present some results related to the projections
onto a hyperplane and to point out the relationships among the norms of the
projections, the shape of the unit ball and the metric properties of the hyper-
planes. Section 2 contains the main result (Theorem 3): it is proved that an
upper bound for the number A(V, X) leads to the characterization of those
hyperplanes which are range of a projection with norm strictly less than 2
(Theorem 4). In Section 3 an application of the previous results gives a
substantial improvement of an inequality proved in [9] between the Jung
constant J and the projection constants 4, of a Banach space (Theorem 6).
In Section 4 a new parameter F(X) of the Banach space X, depending on the
collection of all hyperplanes of X, is considered and studied. Section 5 is
devoted to a short investigation of the function p (defined below) and other
functions related to the norm of the projections onto a given hyperplane.

We list now some other definitions and notations.
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For any real a set V,= f~'(a) (note that all the ¥V, are isometric with
V=V,). For0<a<1set C,=UNV,, 4(a) =3 diam C, and

pla)=pa)=r, (C;)=r,(C.);

C, is sometimes called a hypercircle, 4(a) is half the diameter of the set C,
and p(a) is the (Chebyshev) radius of C, relative to the set V,, ie., the
number :

pla)= inf sup(lz— x|, x| < 1, /(x) = a).

For 0 < ¢ set

Ef(a)={x € V,: sup | x — y[|<pla) + &l;

yecC,
for ¢=0, E°(a)=E(a) is the (possibly empty) set of the centers of C,
relative to ¥,. (Note that if ¢ > 0, E*(a) is always non-empty.) C,, p(a) and
E%a) are studied, in a slightly different situation, in [7].
2. MAIN RESULT

Let us begin with the following:

LEMMA 1. Assume that 0<a < 1,e2>0.
(i) Forac€V,we have c € E%a) if and only if

le=yli<liyi+ol@—-1+¢ @1
Jorany ye C,.
(ii) l—agpl@<l+a (2.2)
(iii) lell<2a+p(a)—1+¢ (2.3)
Jor any c € E¥(a).
(iv) A(a) < p(a) < (1 +a) A(a). (2.4)

Proof. (i) and (ii) are essentially Theorems 2 and 3 in [8]; for the sake
of completeness we give here a new proof.

(i) Let c€V,. If (2.1) holds then clearly sup{llc — y|, y€ C,} <
p(a) + & which means that ¢ € E%a). Assume now that ¢ € E(a) and that
x #c is a point in the relative interior of C,; the line Ac + (1 — 1) x meets
the relative boundary of C, in two points &= 1;c + (1 —4,) x, with || £|| = 1.
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One of the A;, say 4,, is strictly negative. We have ¢ —¢&, = (1 — 4,)(c — x),
o (1—A)lle—xI<p@) +e=p@)—L+[&]+e  Since (&<
fixll =Afix—cll we get (1—4)]le—x[<pla)—1+|x][—4,]x—c|| so
|x —cll <|lx|| + p(@) — 1 and this last inequality holds also for points x in
the relative boundary of C,,.

(i) For v € ¥V, we have p(a) < supiflv — y|, y € C,} <J|v] + 1 which
implies p(a) <1+ a since infi|jv], v € V,} =a. For ¢ € Ea), y€ C, by
(2.1) we have p@)>1—¢e+lc—yll—|»ll>1—e—1lyl This implies
p(a) > 1—a. (Select z such that ||z|| = 1, f(z) > 1 — ¢ and take y = az/f(z).)

(iii) (2.3) is just a consequence of (2.1).

(iv) Ad(a)<p(a) is trivial. Let x € C, with ||x||=1, v,€V, with
llv.]l < a+ e; there exists a 4 < O such that ||[Ax + (1 —4) v,|| = 1. So we have
1<—A+(Q—~A)a+e) hence 1 —12>22/(1 +a+e¢) 24(a)>|x— (Ax +
(1-MDv)l=(0-A4)|x—vo,. Taking sup on x we get 24(a)> (1 — 1)
p(a) > 2p(a)/(1 + a + &) which completes the proof of (2.4). B

Let us define

c=c,=supip,(a), 0<a< 1} (2.5)
By (2.1) we have 1 ¢, < 2. Define also y,: 0, 1)- [0, ]| P.]||] by
v(a) =sup{lx —az|, x € C,} = sup{|| P, x|, x € C,}, (2.6)

where P, is the usual projection defined by P,x=x— f(x)z (f(z)=1).
Clearly we have y,(0)=1, sup{y,(a), 0<a< 1}=|P,|; also, p(a)=
infvEVa sup{||x - U“, x€ Ca} = infzeVl Sup{”x - azH, xe Ca} = infzel/l ”Pz“
= inf,¢, sup, y.(a) > inf, sup, p(a) = ¢, = sup, inf, y,(a). We cannot in
general interchange here inf sup with sup inf; i.e., in the inequalities

1< e, <AV, X) (2.7)

it can happen that ¢, < A(V, X). An example is given in Section 5. The
parameter ¢, is considered also in [9] but is defined differently; in |13] a
related parameter v(V) is studied. In order to make a comparison possible we
note that, using the notations of [8, 9, 13] and the ones introduced here, we
have the equivalences p(a) = r(d/a)/(d/a), r./s = p(d/s), where d is a fixed
distance; see [8, 9, 13]. (This follows from the equality C,(s)=sC, (1),
where C(s) =sUM V,.) In particular, note that

¢, =m(V, X) |9, Lemma, p. 42],
pLO)y=v(¥)=1((V)/d |13, p.85];

640/38/4.3
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here ', (0) = lim, . ((o(a) — p(0))/a) = lim, _,. ((o(a) — 1)/a). (The right
derivative at the origin of p exists since the ratio (p(a)— 1)/a is non-
increasing; see Section 5.) It is consequently easy to prove (see [13]) that

AV, X) < 1+p(0) =1 + v(V). (2.8)

We now want to prove a lemma on projections.

Let V=/"'0),f€8* 0<a<1and¢ > 0; select z,€ /' '(1) such that
lz, < 1+¢ and cg®€ E**(a). We define the projections P, and Qgonto V
by

P x=x—f(x)z,,  Qix=x—f(x)c;’a
SetalsoA={xES:af(x)<1}, B={x€ 5: 0 f(x) <a}.

LEMMA 2. We have

sup || P, x[| <2+, sup [P, x| <1+a+e,
xeAd X€B
P, )l <2+, (2.9)

sup [|Qex| <1+ (p(@) — 1)/a+e,  sup || Qx| < 2a+pla) +¢,

X€EA XeEB

[ Qall < max(1 + (p(a) — 1)/a, 2a + p(a)) + & (2.10)

Proof. (2.9) is trivial. Let us prove (2.10). If x € 4 then ax/f(x) € C,:
therefore

o [f(x) X

19zx( =

Using (2.1) we obtain

iC) [

a [flx)
f ( x)

05Xl < 1%l + pla) — 1 +aeJ

lp(a) — 1 + ag|.

If x € B, using (2.3) we obtain [Q% x| < I +[[c%| <2a+pla)+¢ §
Let us consider for 0 < a < 1 the function y defined by

(p(a)_;)(l —9D 90211

w(a) = (1 +ﬁ("—)a“—”) ~ (2a +pla)) =
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Since p(a) < 1 +a we have w(a) < 1— 3a; hence w(a) <0 if a > 5. Also
w(0) =p’, (0). By (2.8) we have y(0) >0 if A(V,X) > 1; therefore in this
case there exists a 8 € (0, 4] such that y(8) = 0. Recalling that ¢ = sup p(a)
we also have w(a) < (c— 1)(1 —a)/a—2a. Assume that 1< ¢ <2; then
w(2(c —1)/c) < (8 — 6c — ¢?)/2¢ and therefore w(2(c —1)/c) <0 if ¢>
V17 — 3 =1.123.... We shall use this last fact in proving Theorem 2.

Now consider the problem: when does a projection P: X — V' exist with
|P| <22 If AV, X) < 2 this is obviously the case; when A(V, X) =2 this is
still the case if X is reflexive. We shall prove a more general result.

Recall that it is said that a Banach space X admits centers if for every
bounded subset 4 of X the set of the (absolute) centers of 4 is non-empty.
Examples of such spaces are: dual (hence reflexive) spaces, L'(u) (u o-finite)
and C(Q) (Q Hausdorff compact) but the class is wider; see [2] for new
examples and a survey of the classical existence theorems.

Let us consider V as a Banach space in itself; noting that E(a) is the set of
the centers of C, in V, which is isometric with ¥, we see that E(a) is non-
empty if V' admits centers.

THEOREM 1. [f' V admits centers there exists a projection P: X — V such
that | P|| < 2.

Proof. Since V admits centers E(a) is non-empty for 0 <a < 1; the
projection QF considered in Lemma 2 is defined also for £¢=0 by any
¢, €E@) (Qux=x—c,f(x)/a). Using (2.10) we get [Q,l<
max(l + (p(a) — 1)/a, 2a + p(a)). Since we may assume that A(}V,X) > 1
there exists a S € (0,3) such that w(8) > 0. For this f we have [|Q,] <
L'+ (p(B) — 1)/B: hence || Q)| < 2 since p(B) < 1 +4. 1

ExampLE 1. Take X=1', V= f""(0), where f € §* is the element of
1% defined by f = (1/2, 2/3,..., (n — 1)/n,...). We have A(V, X)=2 (see |4,
Corollary, p. 224]). On the other hand, it is easy to see that there is no norm
2 projection onto V; therefore for any P: X -V we have ||P||>2 (no
projection is minimal). This counterexample is due to Griinbaum |15,
p. 199]. By the preceding theorem V does not admit centers. For a similar
negative example see |10, p. 41].

We now prove our main result.

THEOREM 2. Let V=/"'0), f € S*. For every >0 there exists a
projection P, : X - V such that

P, Il < glc) +a, (2.12)
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where c is defined by (2.5) and g: [1,2]- [1,2] by

go)=1+3{c—D+Ve—1)"+8c—1} if 1<e<y/17-3
(2.13)

8(c—1)
:1 —_— 1 —
+c2+4(c—1) if /17—3<eg2.

Proof. By (2.10) we have for the projection Q9: | Q%] < max(l +
(p(a) — 1)/a, 2a + p(@)) + 0 < max(l + (¢ —1)/a, 2a+c¢) + 0.

Computing the optimal value for ¢ we find a projection Q° such that
Qo<1+ 3e—1)+v(c—1)?+8(c—1)} +0. (This computation was
done in [9, Theorem 4]. We will give here a much better result when
c>\/17 =3)

Set P{=A1P, + (1 —4) Q7. P is of course a projection and for 0 <A < 1,
using Lemma 2, we have

[PIx|| AP, xIl+ (1L —-A)Qgx|
<A2+a)+(1=2) (1+3@a—_~1+o) if xed4
<Al +a+o0)+ (1 —1)2a +p(a) + o) if x€B

hence we obtain

a+p(a)—1
a

1P¢| < max (2/1+(1—,1) (1 +a)/1+(1—/1)(2a+p(a))+o).

When w(a) < 0 (w is defined by (2.11)) a possible and optimal choice for 1
in [0, 1] is

e w(@) _ 22+ (1-a)(1 - p(@)
*T T —p@)atarp@  1+a-p@yi-a)

With such a choice we get

2a* fo<lt 2a’ N
0.
1+a’— (1 —-a)pa) = l+a’—(l—a)c

IPR < T+

We have seen that w((2c —2)/c) < 0 if ¢ > /17 — 3; therefore the choice
a=(2c—2)/c is permitted if \/T7 —3 < ¢ <2 (it must be a < 1) and we
obtain a projection R such that ||[R7||< 1+ 8(c— 1)/(c* +4(c—1)) +o.
Using Q° and R° the proof of this theorem is completed (note that when
c=2, gc)=2 and (2.12) holds). 1
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Remark. The function g has the following properties: g€ C'(1,2);
g()=1, g(2)=2; c< g(c); g is strictly increasing and concave;
g ()=+40c, g'(2)=0. In the point ¢,=1/17—3 we have g(c,) =
(VIT = 1)/2, g'(eo) = (V/TT + 1)/2.

THEOREM 3. We have
1<ep KAV, X) < glep) <2, (2.14)

where the function g is defined by (2.13).

Proof. This is (2.7) and an obvious consequences of Theorem 2. §

THEOREM 4. We have
AV, X)=lec,=1Va€e (@ 1):pa)< 1, (2.15)
AV, X)<2<« ¢, <2« 3a€ (0 1):pla)<1+a (2.16)

Proof. (2.15) follows from (2.14) since g(1)=1. By (2.14) and the
properties of g it follows that ¢, <2< A(V,X)<2. Also, ¢, <2=
Ja:pla) < 1 + a. Assume now that for a § € (0, 1) we have p(B) < 1 + . If
w(f) > 0 for g small enough the projection QF used in Theorem 2 has norm
Q5 < 2 for a= 4. If w(B) <O the projection Pg, (see Theorem 2) has norm
1PL1<1+4+0. 1

3. THE PARAMETERS J AND 4,

We first recall briefly some well known definitions and properties of
certain projection constants. Assume that V' is a real Banach space: we say
that ¥V € .7 (4 > 1) if for every superspace Z there is a projection P: Z - V
such that ||P|<A. The (absolute) projection constant of V is A(V)=
inf{r: V'€ .7,}. We say that V€ E, (4> 1) if for every superspace Z with
dim Z/V = | there is a projection P: Z — V such that || P|| < A. The constant
A,(V) is defined by A, (V)=inf{r: VE E,}.

Note that (V) =sup{A(V,Z): V< Z} and

A (Vy=suplA(V, Z): V= Z, dim Z/V = 1} (3.1)

It is easily seen that 1 <A, (V)< A(V) < o0, 4,(V) < 2. We recall also the
definition of the Jung constant of V, J(V):

J(V) =sup{r(d)/4(4), A = V, A bounded};

here r(4) is the (absolute Chebyshev) radius of 4 and 4(4) =4 diam(4).
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Clearly 1< J(V)< 2. References on all these parameters are found in |9]
where especially the relationship between J and 4, is investigated.

We now give some applications of the results of Section 2.

We note that when V is a hyperplane in X, for greater precision one
should write ¢(¥, X) instead of ¢, or ¢ and p, ,(a) instead of p,(a) or p(a).

Theorem 3 in [9] can be stated as:

THEOREM 5 (see [9]).
J(V)=supic(V, X), V< X, dim X/V =1}. (3.2)

The following is the main application, in this context, of Theorem 3.

THEOREM 6. We have
LI <AL gl L2 (3.3)

Progf. In (2.14) take dim X/V = 1, use (3.1), (3.2) and the fact that g is
strictly increasing. [

COROLLARY (see [7]).
JMN=1lei¥=1

This was first proved in [7]; see |9] for other equivalences and references.
Theorem 7 follows immediately from Theorem 6.

THEOREM 7. JWM) =2« A (V)=2.

This is a new result. This theorem has motivations in Banach space
theory; see, for example, Theorem 8. The interest in describing situations
where the Jung constant and the projection constant 4, have the same value
goes back to Griinbaum (see |14, 15]).

We remark that Theorem 6 is a substantial improvement of Theorem 4
(formula (4)) in [9] since the new bound A,(V) < g(J(V)) is now significant
for every value of J(V). This fact gives a parallel improvement of Theorem 5
in [9]. In fact we have:

THEOREM 8. Let C(Q) be the space of real continuous functions on the
compact Q with the usual sup norm. We have

J([C@N<2=C(Q)e 7.

Proof. If J(C(Q)) <2 by (3.3), 4,(C(Q))<2 and this implies that
C(Q) € .7, by a theorem of Amir; see {1]. 1
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This last result has been proved independently by Professor Amir who
communicated it at the 1981 meeting on Approximation Theory in
Oberwolfach.

Note that C(Q) € .7} if and only if Q is stonian.

4. THE PARAMETER F

We now discuss the relevance of the previous results from a different point
of view. For a given (real) Banach space X let us define

F(X) = sup{A(V, X), V is a hyperplane in X}.

If dim X =1, F(X)=0 and if dim X =2, F(X)=1. To avoid trivialities we
assume in this section that dim X > 2.

F is a parameter of the space which satisfies 1 <F(X)<2. If X is a
Hilbert space of course F(X)= 1. For the converse observe that the classical
Kakutani’s theorem (X is Hilbert if and only if every hyperplane V in X is
range of a norm one projection) is not applicable here since the condition
A(V,X)=1 does not imply, in general, the existence of a norm one
projection onto ¥ however, still the condition F(X)= 1 implies that X is a
Hilbert space. This fact was pointed out to me by Professor Amir and can be
proved using the Garkavi-Klee characterization of Hilbert spaces via
Chebyshev centers.

How to evaluate F(X)? Again Theorem 3 turns out to be useful. Define

C(X) =sup|c,, V is a hyperplane of X}.

We easily obtain the analog of Theorems 3 and 4, namely,

THEOREM 9. For the Banach space X we have:

1< CX) <FX) < g(CX)) <2, (4.1)
FX)=1sCX)=1, (4.2)
F(X) <2< C(X) < 2. (4.3)

We give now, in a particular case, a more precise evaluation. Recall that
in a Banach space X the modulus of convexity of X is the function
0y:10,2] - [0,1] defined by J,(e)=inf{l —|x+ y|/2: x, yES,
llx — y|l > €}. X is uniformly convex (u.c.) if and only if J,(¢) > O for ¢ > 0;
in this case J, is invertible and we denote by 7, the inverse function. Assume
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that X is uc, V=/"'0), f€S* 0<a< |l and set I',={x€ES:
f(x) 2 a} > C,. We have the following simple result:

A(a) < diam I,/2 < n,(1 — a)/2. (4.4)

In fact, assume that x, y € I, N S; then |[x + y|/2< 1 —3,(|x — yl)), that
is, dy(|x—yl)<1—|lx+ y]/2< 1 —a; hence dy(diam I',) < 1 —a which
implies (4.4).

THEOREM 10. If V is a hyperplane in a u.c. space X we have

pila) <nx(l —a)(l + a)/2. (4.5)
Consequently

C(X) < sup (1 —a)(1 + a)/2 = D(X) < 2,
a (4.6)
F(X) < g(D(X)) < 2.

Proof. (4.5) follows from (2.4) and (4.4), then observe that the right
hand side of (4.5) does not depend on V; hence (4.6) follows immediately
using Theorem 3. §

Note that from (4.4) it follows the well known fact that in a u.c. space we
have lim,_,_p(a)=1lim,,,_A4(a)=0.

The fact that F(X) <2 in a u.c. space X is contained in a more general
result that we will prove in Theorem 12. We need first to recall some other
facts on Banach spaces.

A Banach space X is uniformly non-square (u.n.s.) if there exists an ¢ > 0
such that min(||x + ||, [[x — y|]) <2 —¢ for x, y € U. It is easily seen that if
X is u.c. then X is u.n.s.

The radial projection R: X — U is defined by

Rx=x if xelU
= x/| x|| it x&U.

The radial constant k(X) of the real Banach space X is defined by

|Rx— Ry

KO = ) e

xyeEX, x+y|.

It is well known that 1< k(X)<2; see, for example, [11] where other
properties of k are also described. Thiele proved in |[18] the interesting fact
that k(X) < 2 < X is u.n.s.
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Smith introduced in [16] the metric projection bound MPB(X) of the
space X by MPB(X) = sup{||P,]|l, M is a proximinal subspace of X}, where
P,(x)c M is the set of best approximations of x in M (non-empty by
definition when M is proximinal) and || P, || = sup{|| ¥, ¥ € Py(x), x| < 1}.

Baronti proved in [3] that MPB(X) = k(X).

Collecting all these facts we are able to prove:

THEOREM 11. For any real Banach space X we have
F(X) € k(X). 4.7

Proof. Set MPB(X)=sup{||P,|: dim X/V=1, V proximinal}.
Obviously MPB (X) < MPB(X). (4.7) will be proved showing that F(X) <
MPB (X). First note that u.n.s. Banach spaces are reflexive (this is a well
known result due to R.C. James) so that the condition k(X) < 2 implies
reflexivity: (4.7) is therefore trivially true if X is not reflexive since £(X) = 2.
Assume that X is reflexive and consequently that any hyperplane V is prox-
iminal in X: the (multivalued) best approximation operator P, admits always
a continuous linear selection which is therefore a projection. The inequality
F(X) < MPB(X) will follow from the definitions of MPB(X) and of
AV, x). |

We recall now a useful result of Bohnenblust (see [5]): let V" be a hyper-
plane in an n-dimensional space X. There always exists a projection
P: X - V such that || P|| < 2(n — 1)/n. This means that

dim X =n= F(X)<2-2/dim X. (4.8)
Combining (4.7), (4.8) and Thiele’s theorem already mentioned we get:

THEOREM 12. We have F(X) <2 in the following cases: X is finite
dimensional, X is uniformly non-square.

5. THE FUNCTIONS p, y, AND 4

Let the hyperplane V= /f"'(0) be fixed in X, z€ f~'(1), P,: XV
defined by P,x = x — f(x) z and 0  a < 1. This section is devoted to a short
study of the following functions:

p@)= inf sup{llx— vll: x€ C,} =1, (C)=rAC,),

v:(a) = sup{l|x — az||: x € C,},
4(a) = 3 sup{l|x — y|: x, y € C,} = 3 diam(C,).
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Recall that

(@) <pla)= inf y(a); P |= sup 7.(a).

Denote now by ¢ any of the functions p, y,, 4. We shall prove below that
a— ¢(a)/a is non-increasing in (0, 1); therefore we can define ¢(1)=
lim,.,_¢(a).

From now on we will consider ¢ as defined in the closed interval [0, 1].
Note that ¢(0) = 1 and that when X is u.c. ¢(1) = O (see (4.4)). Let us prove:

THEOREM 13. For a B, a # 1, we have

-2 4 wy<o) o< g0 )

a

Moreover the function ¢ is continuous in |0, 1| and Lipschitz in every
interval {0, 1 — & with ¢ > 0.

Proof. For s> 0 set C; =V ,NsU. We generalize the functions ¢ by
putting ¢*(a) = ¢(C%) (to be defined in the natural way). Note that ¢' = ¢. It
is easy to see that for 4 > 0 we have

0***Ma) > ¢*(a) + h. (5.2)

Let T be the map x—a/fx; then TCyc C%® since |Tx—Ty| =
a/fl|lx— |l Using (5.2) we get a/Bo'(B)<9*(a)<o'(a)— (1 —a/p),
that is, p(a) > (1 — a/Bf) + a/f o(F) which is the right hand side of (5.1). Let
Z be the map x—-Ax+(1—A4)z, A€[0,1], f(z)=1. We have
ZC! c LU and, taking the infimum on the z with f(z)=1, also
zZC iy = Clas-ny- Since ||Zx—Zy|=Alx— y|| we obtain
Ao(a) < p(Aa + (1 — 1)) which gives, for f=4a + (1 —4), (1 —B)/(1 —a))
o(a) < ¢(B) which is the left hand side of (5.1).
The other conclusions of the theorem follow immediately from (5.1). W

Remarks. The right hand side of (5.1) may be written ¢(a) > (1 — a/f) +
a/B ¢(B) which in particular means that the hypograph of ¢ is convex with
respect to the point (0, 9(0))= (0, 1): we will say that ¢ is concave with
respect to 0.

We also have ¢(a)/a—o(B)/8> (B — a)/aB, ie, a-—g¢(a)/a is non-
increasing, and, more significantly, we also have

pla)—1 o@B)—1 1 1 f—a
p - B >—;+—B—+ B =0,
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ie., a— (p(a) — 1)/a = (p(a) — ©(0))/a is non-increasing, or equivalently

9(B) —¢(a) < 9(a)—1
B—a a

We set lim,, o, ((p(a) — 1)/a) = ¢’ (0). Note that (¢(8) — 1)/ < 9’ (0), ie.,
o)< e (0)F+ 1 and ¢(f) —o(a) < (B —a) ¢’ (0). We can also see from
(5.1) that a - ¢(a)/(1 — a) is non-decreasing, that ¢ is concave with respect
to 1 if ¢(1)=0 (for example, when X is u.c.) and finally that ¢ is non-
increasing in the set {x € |0, 1|: p(x) < 1} and ¢(x) > 1 in [0, &], ¢(x) < L in
(& 1], where & =supix: p(x) > 1}.

For a =1 the set C, = {x € S: f(x) = 1} may of course be empty (for this
reason the functions ¢ where defined originally only in [0, 1)). If we assume
that C, # @ we can define ¢, = ¢(C,). It is easy to see that ¢, < ¢(1). We
give an example where the inequality is strict.

for a<p.

ExampLE 2. Let X be 1!, V,=f,'(0) with

fo= (1 Ly 1,1/2,2/3,.., (1 — 1)/n,...).

pterms

By [4, Corollary, p. 224|, we have A(V,, X) =2; consequently by (2.16)
sup p{a) = 2 and p(1) = 2. However, one can see that p, =0 for p=1 and
pi< 1 forp=2;herep, = ry (C)).

It could be asked whether the functions ¢ are concave. We will show with
an example that this is not the case when ¢ = y.. It is, in general, difficult to
compute explicitly the functions ¢; however, when X is a space of continuous
functions, this is sometimes possible using an interesting and useful formula
due to Smith and Ward |17].

THEOREM 14 (see [12, 17]).

Let T be a topological space, Y a subset of C(T), and A a bounded subset
of C(T). Then

ry(d)=r(4)+ d(Y, E(4)). (5.3)

Here r(A), ry(A4) are, respectively, the absolute radius and the radius with
respect to Y of the set A, d(Y, E(A)) is the distance from Y of the (non-
empty) set of the absolute centers of A.

The formula (5.3) was proved by Smith and Ward for T paracompact; the
extension to any topological T is given in [12], where also a different proof
and several applications of this formula are given. For the classical formulas
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for r(4) and E(4) in C(T) see, for example, [12]. Note that for
Y=V=f""'0),4=C,, 0<a< 1, we have

pla)=r(C,) + d(V,, E(C,)). (5.4)

ExampLE 3. Let X=1%(3), ¥=f""'(0), f= (3, %, 3). One can see that

dV,,E(C,)=a for 0<a<}

=3i—a i<a<ji
=0 for 1<axl,
r(C,) =1 for 0<agi
=2—2a for d<agl.

By (5.4) we obtain
play=1+a for 0<a<y
=3—a for; <a<3

hence sup p(a) =c, =p(1/4)=5/4.

On the other hand, we have (see [4, Theorem 2], also [6, Theorem 3])-
A(V,X)=9/7, so this is a case of strict inequality in (2.7). Note that in this
example the function p is concave.

We consider now a minimal projection: let z = (8/7, 4/7, 8/7) (note that
[lz|l = 8/7 > 1). The projection P, (P,x = x — f(x)z) is minimal since || P,|| =
sup, y,(@) =9/7. In fact: y,(a) =sup{|[x — az|, f(x)=a, [|x{<1}. Letting
x={(x,,x,,x;) we have x — az = (x, — a8/7, x, — a4/7, x; — a8/7) with the
conditions |x;| <1, 3x, + 2x,+ 3x,=8a. For 0 a<1/4 choosing x=
(—1,4a, 1) we get y,(a)= 1+ a8/7; for a=1/2 choosing x=(1,—1, 1) we
get y,(1/2y=9/7. Also y,(1)=3/7. Finally note that x-—az=
1/14(8x, — 4x, — 6x;, —3x,+ 12x, —3x;, —6x, —4x, + 8x;); therefore
y,(@) €< 9/7 and equality is possible only for x of the form +(1,—1,—1),
+(—1,1,—1), +(—1,—1, 1). Since 8a > 0 the choice reduces to (—I, 1, 1),
(1,—1,1), (1, 1,—1) corresponding to the values 1/4, 1/2, 1/4 for a. We
conclude that y (a) < 9/7 if a &€ {1/4, 1/2}. We have shown that the function
y, cannot be concave.
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